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The present paper 1s an outgrowth of [1 and 2] in the parts concerning the
integration of the equations determining the coordinates of an object moving
over the Earth's globe.

1, The problem of the autonomous determination of the coordinates of an
object moving over the surface of the Earth may be solved by different methods.

Two versions of inertial systems are considered in [1 and 2]. In both
these versions, the problem of integrating a system of nonlinear differentilal
equatlons of the form

(U +2)cospsin® —@ cos ¥ = a, (1), (U 4 2)cospcos® +¢'sin® = o, (1)
(U 4+ X)sing < §" = o, () 1.1)
1s imposed on some computer unit.

Here w,, w,, w, should be considered known functions of ¢ .

Let us keep in mind the second of the above-mentioned versions of the
inertial system which consists of a space gyrocompass, a directional gyro-
scope and an integrator [2]. In this case, as has been shown in [2 and 3],
we can always conslder meE(L and we then have from (1.1)

¢ = w, sin 9, &=%—%wW@% M=—U4% a,cos &secp

N
= —_ ———
(ﬂ tan RU cos ¢+ vE) 1.2)
The notation in (1.2) 1s the same as in [2 and 3]. Let us recall that ¢
and A are the present latitude and lengitude of the posltlon; ¢ 1s the
present value of the veloclty deviation of the gyro-horizon compass. Here
Uy and Vg are the northerly and easterly components, respectively, of the
object's velocity relative to the Earth. In the system under consideration
the velocity correction to the compass 1s produced autonomously.

v

2, The method of successive approximations in some form or other 1s cus-
tomarily used in Investigatlons of systems of the type (1.1). PFor example,
representing the first two equations of (1.2) as a system of integral equa-
tions we obtain
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t t
®, (v) sin & (v)dv, 4=4060) + Sm (t)dr — Sm (7) cos® (T) tan@ (7) d¥
2.1)
Here 9 {0) and ¢ (0) are the initial values of the latitude of the posi-
tion and of the velocity deviation.
According to the method of successive approximations we can assume
t t
o™ = ¢ 4 Smy (v) sind ™D (v)dr, H™ = ¢ — S o, (1) cos 87 (1) wng™ YV (1) dv

0 0

=0 (0)+

Oy o~

t (2.2
(q><°> =q(0), 09=9(©)-+ S o, () dr)
0

Use of this method on,the system (2.1) 18 known to be inconvenient, in
that the actual realization of the quadratures 1s rapildly made complicated
as the approximations are evaluated., Moreover, strictly speak the range
of variation of ¢ within which the solution of the system (2.1 may be
obtained by the Pickard method should be established.

3. Let us assume in (1.1)
A+ Ut=vy, Yyn—g=20 (3.1)
and let ¢ be denoted by ¢, . We then arrive at equations of the form

V" sin 0 sin @g4-0"cos o= ©,, ¢’sin 0 cos @—0"sin o=, Y'cosb <+ ¢ =0, (3.2)
The system (3.2) has the structure of the Euler kinematic equations in
the variables 1y, 8 Hence, the problem of integrating the system
1.1) for given Wy s Wy anzo w, 18 equivalent to. the classical problem of
determining the position of a solid body by means of 1ts angular velocity.

In the general case this problem, which reduces to the Riccati equation,
does not reduce to quadratures [[L] Putting w,= 0 1in (3.2) and, moreover,

71 = sin @,sin 0, Tq == €COS @, 5in 0, T3 = cos 6 (3.3)

we obtain the Poisson equation [5] in the variables vy,, vz, Ys

Ty = 0,Ys — Oy¥s, Ta = — @O, Ts =N 3.9
The Rodrigue-Hamilton equations for the case under consideration will be
2},0. = — muh _ (l)z)»a, 211 = (J)ZA,, —_ myks (35)
2hg = 0 Ay — @ A, 20y =0,k + 0 M

where

‘P4"Po’ A .0 VY — 9
2 1

0
Ay = cos 5 cos = sin 5-c0s 5 (3.6)

0 . v—q Y+ @,

6
A,,=sin§sm—2~- Ag= cos 5 sin —5
in which the parameters 1, satisfy the condition (4]
A A2+ A2 A2 =1 3.7

Let us represent (3.4) and (3.5) as equivalent systems of integral equa-
tions

t t t
n=1, O+ {(@n—omdn =10 —{emk n=nO+{one 6y
0 0 0
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Do = Ao (0) — 1 @k + 0 A dT,  hy=1,(0) + ; (@,he — @ k) d7

(3.9)

Q/}-s @m\\

o= Ay (O) + (‘%7“0 — 0,hy) dr, = hgq (0) + (@0 + @, }y) dT

e_/}«. om,_,_

Here, the (G) are initial values of the variables e s X, (O) are the
initaial values of the Rodrigue~Hamilton naremeters. DBecause of the linear-
ity of the systems (3.8) and (3.9), their symmetry and the absence of trigo-
nometrlc functions of the unknowns, successlve approximatlions are more ef“ec-
tive(hert)e for the system (1.1). In a first approximation we have from (3,8
and (3.9

Y =10+ 1092,® —150 2,0
Y =10 — 1,02, ¢ (Qm ()=
Y =10 4 102, ()

DY

o, , (1) dr) (3.10)

and also MoV =20 ) — 2 ks (0) Q,, () — Yy ha (0) 2, (1
M == hy (0) 4 1y Mg (0) Q, (1) — 1/, 4, (0) 2, () {3.11)
Mo = 2g (0) + Yo Re () Q, () — Yy Ay (0) ©, (1)
MoV = kg (0) -+ g hg (0) (1)1 y(0) ©,, (1)

The values of A, determined by Formulas {3.11}, satisfy condition (3.7)
if we limit ourselves to first order terms in Q, t) and 0,{s) .

4, Using (3.10) and taking (3.3) into account, we obtain
c0s 0 = cos 0 (0) 4 sin @, (0) sin 6 (0) Q)

sin @ (0) sin 6 (0) + cos @ (0)sin 8 (0) Q, (&) —cos B (B Q, (0
tan @p = G05 @p (0) 5in 0 (0) — sin g (0) sin 6 (0) @, (1 (1)

Returnlng to the old variables by means of (4.1}, we have
sing = sin @ (0) 4+ cos g (0)sin ¥ (0) 2, ()
sin O (0) 4 cos ¥ (0) Q, () — tan g (0) 2, (¥)
cos O (0) — sin ¥ (0) 2, (#) (4.2)

tln'&m

For the longitude we have from the third equation of the system (1.2)
¢

A=A (0)— Ut + Smu (1) cos © (%) sec @ (1) dT 4.3)

Here p and ¥ are determined by means of Expressions (4.2). By sub-
atituting their initial values for @& and ¢ 1in {4.3) we have for the

first estimate A = A (0) — Ut + cos 9 (0) sec ¢ (0) 2, (& (4.5

A more exact formula may be obtained for A by using the Rodrigue-Hamilton
parameters. From (3.6) we have

Arhg + Aohg
MY = Ry — g (4.5)

Using (3.11) and being limited only to first order parameters in the
integrals of w, and w, We have
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(4.6)
hoky - Aghg = g (0) A1 (0) — Ay (0) Ag (0) — [Ag (0) Ag (0) + Ay (0) Ag ()1 2, (9
Mhs % hoha = Ay (0) As (0) + Ao (0) Aa (0) + 1/ [Ag? (0) 4 As? (0)— Ag? (0) — As? (0)] Q,, (2)
By virtue of (3.6), here
g (0) Ay (0) — Ay (0) A5 (0) = /5 5in 6 (0) cos ¥ (0)
A1 (0) A3 (0) 4 Ao (0) Ay (0) = /3 sin 6 (0) sin P(0)
20(0) 23 (0) ++ 2y (0) Ag (0) = Y/, [sin ¢ (0) cos @, (0) + cosp (0) sin @, (0) cos 6 (0)] (4.7)
A2 (0) + 72 (0) — s (0) — A% (0) = cosp (0) cos @y (0) — sinp (0) sin g (0) cos 0 (0)
Hence
__sin 6 (0) sin (0) + [cosp (0) cos @, (0) — sinp (0) sin @, (0) cos 6(0)] K, (2)
" sin 0 (0) cosy (0) — [sin (0) cos @, (0) + cosp (0) sin g, (0) cos §(0)] Q, @
Returning to the old variables, we finally have (4.9)

(4.8)

sin A (0) -+ [cos A (0) cos® (0) sec@ (0) — sin A (0) sin @ (0) ang (0)] Q,(®
cos A (0) — [sin & (0) cos & (0) sec @ (0) + cos A (0) sin & (0) tangp (0)]Q,, (2)

= —Ut+ tan*

5. The accuracy with which this inertial system produces the coordinates
of the positlon in the presence of errors in the Eyrocom ass and directional
gyroscope readings may be estimated by means of (%.2), (4.3) and (4.9). 1In
particular, the expressions

o,=v/R+ 0B+ 17, o,=—v/RB+o+a

where ¢, B and y are angles definlng the position of the gyrocompass(3],
should be taken 1ln the mentioned formulas for w, and w, when 1t is neces-
sary t):o take account of small gyrocompars motions {which pretically always
exist).
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